In this paper, we study the achromatic indices of the regular complete multipartite graphs and obtain the following results:
Introduction

An edge k-coloring of a simple graph G=(V(G), E(G)) is a surjection from E(G)
to the set { 1, 2 ..... k } (which represents colors) so that any two incident edges of G receive different colors. Moreover, if for each pair of colors Cl and c2 there are incident edges el and e2 so that ei is colored cl, then the coloring is complete. The largest k so that there exists a complete edge k-coloring of G is the achromatic index ~P'(G) of G. The basic concepts related to graph colorings can be referred to [1, 3, 4, 8, 9] .
The achromatic index of a complete graph, a regular complete multipartite graph, has been studied by Bouchet et al. in [2, 7, 11] , respectively. Mainly, partial results are obtained. In particular, on regular complete multipartite graphs, Bouchet proved the following theorem. Furthermore, Bouchet posed a problem asking whether the above inequality could actually be an equality. In this paper, we find an upper bound for the achromatic index of the regular complete multipartite graph which forces the inequality to be an equality and a complete edge coloring for some kind of regular complete multipartite graphs which gives the achromatic indices of another class of infinitely many graphs.
The upper bound
In this section, we mainly give an upper bound for 7J'(K. 
t,,])<~max{g(n,m, t)+ 1,Lh(n,m, t+ 1)J} =fit for each fixed t. This implies that 7J'(K.[,q)<~B(n,m). []
Hence, if we can find B(n, m) explicitly, then we obtain an explicit upper bound of 7"(K, [m] ). So far, we have no answer for the general form. But we do have a very nice result for special values of n and m.
Let
and (1) and (2) as polynomials of y, then they are quadratic. Let D 1 and D2 be the discriminants of(l) and (2), respectively. By a direct calculation, Dt and D2 are positive provided that z ~> 2 or : = 1 and n>~3. Furthermore, let 7,6 and e be the larger roots of P(n,y,t)=O, Q(n,y,t)=O and Q(n,y, t+ 1)=0, respectively, and let 7' and e' be the smaller roots of P(n,y, t)=0
and Q (n, y, t + 1) = 0, respectively. Also, by solving equations, we have 7' < i~ < 7 < c and c'< 7. With the above observation, we have the following theorem. [6, 7] and m is an integer; and (ii) ~U'(K, I,,l) ~< L h (n, m, t + 1) l !f m E [ 7, ~] and m is an integer. As for n = 2, we can get a more clear form. 
Theorem 2.2. /f t ~> 2 or t = 1 and n >~
3, then (i) ~P'(K,[ml)<~g(n,m,t)+ 1 ~'m~
Proof. (i) Since m~[6,7], P(n,m,t)<~O and Q(n,m,t)>~O, thus fl,(m,n)=g(n,m,t)+l. Now if u is an integer such that t~u<~m(n-1)-l, then fl,(n,m)>~g(n,m,u)+l >~ g(n,m,t)+ 1 =flt(n,m). On the other situation, if s is an integer such that s<t, then since Q(n, m, t) >>, O, i.e., h(n, m, t) >i g(n, m, t) + 1, hence fls(n, m) >~ h(n, m, s + 1) ~> h(n, m, t) >~ g(n, m, t) + 1 = fit(n, m). This concludes that
Corollary 2.4. For a fixed t >I-2, we have (i) ~'(K2[m])<~t(2m-t--
The complete edge coloring
In this section, we use the property of finite projective plane and the construction technique of design theory I-5, 10] to construct a complete edge colorings of a class of infinitely many regular complete partite graphs. Then, we obtain achromatic indices of more graphs.
In the edge coloring, the concept overfull is important. We say that a graph G
is overfull if ] V(G)] is odd and [E(G)[ is greater than ½A(G)(] V(G)]-1). Hoffman and
Rodger [-6 ] proved the following theorem. By the definition of overfull and Theorem 3.1, we know that every regular complete partite graph G of even order has a complete edge A(G)-coloring. Proof. Let (P, p) be a projective plane of order q where P is the set of points and p is the collection of lines in the plane. Then Ipl=q2+q+ 1 and let oo be a point called subgraphs is equal to the number of edges in K,t,. j. Hence, these q2 induced subgraphs form an edge decomposition of K,E,, I. If we color each of these q2 subgraphs with a distinct set of (n-1)(/+s) colors, then we get an edge qa(n-l)(/+s)-coloring of K.E,, j. Since any pair of these qZ lines has at least one point in common, the colorings of all the subgraphs form a complete edge coloring of K,t,,~ using qZ(s+lt(n-l)--(n-1)mq colors. Hence 7~'(K.t,,l)>>-(n--1)mq.
By Theorem 3.2 and Theorem 2.2, we obtain the following result. 
Proof. By Theorem 3.2, it is clear that tP'(K,~mfl>~(n-1)mq.
On the other hand, take t=(s+ 1)n/2-1. Then, it is easy to check that 2(t+ 1)t/ n<m; 2(t+ 1)2/n<m; P(n, rn, t)>O and Q(n, mt + 1)<0. Hence, m=(s+ 1)q~ [7,~] and then B(n, m)= (n -1)m and tP'(K.Eml) <~(n --1)mq.
Therefore, tp'(K, M ) --(n -l )mq. []
It can be seen from the papers about achromatic index that to determine the exact value of 7~'(G) is very difficult. We expect to obtain more results on this topic in the future.
